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EXERCISE SHEET 5

Isometries

Exercise 1. Find matrices A, B,C € GL(2,R), where A, B are not diagonal and C' is diagonal
such that
AB = BA,

AC # CA.

Exercise 2. Define

cosf —sind
Ry = <sin9 cos 6 > )

Note that Ry = Rgi9:m, with n € Z. Consider the subset

SO2)={ Ry | R} CSL(22,R).
Prove that SO(2) < SL(2,R) (i.e. that it is a subgroup). In order to do so, compute RyR, and
Ryt

Exercise 3. Define
g - cosf  sinf
= \sind —cosf) "
Note that Sy = Spi9mn, Wwith n € Z. Consider the subset
012)=S02)U{ Sy | 0 R} CcGL(2,R).
Prove that O(2) < GL(2,R) (i.e. that it is a subgroup). In order to do so, compute SgRy, RySe,
SpSy and 59_1. Notice that O(2) is not a subgroup of SL(2,R).
Exercise 4. Prove that
SO(2)={AcSL2,R) | AAT =1d},

02)={AcGL(2,R) | AAT =1d}.
O(2) is called the orthogonal group of R?, and SO(2) the special orthogonal group of R2.



Exercise 5. Show that Sy is a reflection, and compute the axis of the reflection. (Hint: for
example, you can compute the eigenvalues and the eigenvectors of Sp).

Exercise 6. Consider the subset

Vg
Isom(R?) = 4 Uy Aec0(2), vyvy€R » CGL(3,R).

0 0 1

Prove that Isom(R?) < GL(3,R). In order to do so, verify that

-1

A AL W
Uy = wy |,
0 0 1 0 0 1
where
Wy :—A_l Uz
Wy Uy
Exercise 7. Prove that the subset
1 0 v,
0 1 vy vz, vy € R 3 C Isom(R?)
0 0 1

is a subgroup of Isom(IR?) consisting of all the translations and the identity.

Exercise 8. Prove that the subset

A

0
0| | A€c0(2) } CIsom(R?)
0 0 1

is a subgroup of Isom(R?) consisting of all the isometries that fix the origin.



