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Logarithmic limit sets of real semi-algebraic sets

Daniele Alessandrini

(Communicated by C. Scheiderer)

Abstract. This paper is about the logarithmic limit sets of real semi-algebraic sets, and, more
generally, about the logarithmic limit sets of sets definable in an o-minimal, polynomially bounded
structure. We prove that most of the properties of the logarithmic limit sets of complex algebraic
sets hold in the real case. This includes the polyhedral structure and the relation with the theory of
non-Archimedean fields, tropical geometry and Maslov dequantization.

1 Introduction

Logarithmic limit sets of complex algebraic sets have been studied extensively. They
first appeared in Bergman’s paper [3], and then they were further studied by Bieri and
Groves in [4]. Recently their relations with the theory of non-Archimedean fields and
tropical geometry were discovered (see for example [17], [10] and [6]). They are now
usually called tropical varieties, but they appeared also under the names of Bergman fans,
Bergman sets, Bieri-Groves sets or non-Archimedean amoebas. The logarithmic limit
set of a complex algebraic set is a polyhedral complex of the same dimension as the
algebraic set, it is described by tropical equations and it is the image of an algebraic set
over an algebraically closed non-Archimedean field under the component-wise valuation
map. The tools used to prove these facts are mainly algebraic and combinatorial.

In this paper we extend these results to the logarithmic limit sets of real algebraic
and semi-algebraic sets. The techniques we use to prove these results in the real case
are very different from the ones used in the complex case. Our main tool is the cell
decomposition theorem, as we prefer to look directly at the geometric set, instead of
using its equations. In the real case, even if we restrict our attention to an algebraic set,
it seems that the algebraic and combinatorial properties of the defining equations do not
give enough information to study the logarithmic limit set.

In the following we often need to act on (Rsq)" with maps of the form
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where A = (a;;) is an n x n matrix. When the entries of A are not rational, the image
of a semi-algebraic set is, in general not semi-algebraic. Actually, the only thing we can
say about images of semi-algebraic sets via these maps is that they are definable in the
structure of the real field expanded with arbitrary power functions. This structure, usually

denoted by KR, is o-minimal and polynomially bounded, and these are the main properties

we need in the proofs. Moreover, if .S is a set definable in ER, then the image ¢ 4(S) is
again definable, as the functions z — = are definable for every a. If a structure has the
property that all power functions with every real exponent are definable, that structure is
said to have field of exponents R.

In this sense the category of semi-algebraic sets is too small for our methods. It seems
that the natural context for the study of logarithmic limit sets is to fix a general expansion
of the structure of the real field that is o-minimal and polynomially bounded, with field
of exponents R. For sets definable in such a structure, the properties that were known for
the complex algebraic sets also hold. We can prove that these logarithmic limit sets are
polyhedral complexes with dimension less than or equal to the dimension of the definable
set.

Then we show how the relation between tropical varieties and images of varieties
defined over non-Archimedean fields, well known for algebraically closed fields, can
be extended to the case of real closed fields. We give the notion of non-Archimedean
amoebas of semi-algebraic sets over non-Archimedean fields, and also for sets definable
in other o-minimal structures on non-Achimedean fields. We show that the logarithmic
limit set of a definable subset of R™ is the non-Archimedean amoeba of an extension
of the definable set to a real closed non-Archimedean field. We also study the relations
between non-Archimedean amoebas and patchworking families of definable sets. Note
that this notion of non-Archimedean amoebas of definable sets generalizes the notion of
non-Archimedean amoebas of semi-linear sets that has been used in [8] to study tropical
polytopes.

An analysis of the defining equations and inequalities is carried out, showing that the
logarithmic limit set of a closed semi-algebraic set can be described applying the Maslov
dequantization to a suitable formula defining the semi-algebraic set.

Our motivation for this work comes from the study of Teichmiiller spaces and, more
generally, of spaces of geometric structures on manifolds. In the papers [1] and [2] we
present a construction of compactifications using the logarithmic limit sets. The properties
of logarithmic limit sets we prove here will be used in [1] to describe the compactification.
For example, the fact that logarithmic limit sets of real semi-algebraic sets are polyhedral
complexes will provide an independent construction of the piecewise linear structure on
the Thurston boundary of Teichmiiller spaces. Moreover the relations with tropical ge-
ometry and the theory of non-Archimedean fields will be used in [2] for constructing a
geometric interpretation of the boundary points.

In Section 2 we define logarithmic limit sets for general subsets of (R+()", and we
recall some preliminary notions of model theory and o-minimal geometry that we will use
in the following, most notably the notion of regular polynomially bounded structures. In
Section 3 we prove that logarithmic limit sets of definable sets in a regular polynomially
bounded structure are polyhedral complexes with dimension less than or equal to the
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dimension of the definable set, and we provide a local description of these sets. The main
tool we use in this section is the cell decomposition theorem.

In Section 4 we consider a special class of non-Archimedean fields: the Hardy fields of
regular polynomially bounded structures. These are non-Archimedean real closed fields
of rank one extending R, with a canonical real valued valuation and residue field R. The
elements of these fields are germs of definable functions, hence they have better geometric
properties than the fields of formal series usually employed in tropical geometry. The
images, under the component-wise valuation map, of definable sets in the Hardy fields
are related with the logarithmic limit sets of real definable sets, and with the limit of real
patchworking families.

In Section 5 we compare the construction of this paper with other known construc-
tions. We show that the logarithmic limit sets of complex algebraic sets are only a partic-
ular case of the logarithmic limit sets of real semi-algebraic sets, and the same happens
for the limit of complex patchworking families. Hence our methods provide an alterna-
tive proof (with a topological flavor) for some known results about complex sets. We also
compare the logarithmic limit sets of real algebraic sets with the construction of Positive
Tropical Varieties (see [18]). Even if in many examples these two notions coincide, we
show some examples where they differ.

In Section 6 we show how the construction of Maslov dequantization provides a rela-
tion between logarithmic limit sets of semi-algebraic sets and the tropical semifield. We
show that for every closed semi-algebraic set there exists a defining formula such that the
tropicalization of that formula defines the logarithmic limit set. This result is the analog,
for real semi-algebraic sets, of the existence of a tropical basis for complex algebraic sets.

2 Preliminaries

2.1 Notation. If x € R™ we will denote its coordinates by =y, ..., z,. If w € N™® we
will use the multi-index notation for powers: z* = z{"'...z%". We will consider also
powers with real exponents, if the base is positive, hence if z € (Rs)” and w € R™ we
will write 2% = (" ... x4".

If (s(k)) is a sequence in R™, we will denote its k-th element by s(k) € R™. The
subscript notation will be reserved for the coordinates s;(k) € R.

Given a real number o > 1, we will denote by Log,, the component-wise logarithm
map, and by Exp,, its inverse:

Log, : (Rs0)" 2 (1, .., 2n) — (log, (1), .. .,log,(x,)) € R"
Exp, :R" 3 (z1,...,2,) — (@™,...,0") € (Rso)"
We define a notion of limit for every one-parameter family of subsets of R™. Suppose
that for all ¢ € (0, €) we have a set S; C R™. We can construct the deformation
D(S.)={(z,t) e R* x (0,¢) | z € S;}.
We denote by D(S . ) the closure of D(S . ) in R” x [0, ¢), then we define

lim S; = 7(D(S. ) NR"™ x {0}) C R,
t—0
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Figure 1. If V = {(z,y) € (Rs0)? | y = sinz + 2,z < 5} (left picture), then Ay(V) =
{(z,y) € R? | y = 0,2 < 0} (right picture).

where 7 : R™ x [0,6) — R"™ is the projection on the first factor. This limit is well
defined for every family of subsets of R™.

Proposition 2.1. The set S = lim;_,o S; is a closed subset of R™. A point y is in S if
and only if there exist a sequence (y(k)) in R™ and a sequence (t(k)) in (0,¢) such that
(t(k)) = 0, (y(k)) = yand Vk € N : y(k) € Sy

2.2 Logarithmic limit sets of general sets. Given a set V' C (Rs¢)"” and a number
t € (0, 1), the amoeba of V is

A(V) = Log%(V) = @ Log,. (V) C R™

The limit of the amoebas (in the sense of subsection 2.1) is the logarithmic limit set of V:

Ao(V) = lim Ay(V).

t—0

Some examples of logarithmic limit sets are in Figures 1 and 2.

Proposition 2.2. Given a set V C (Rx)" the following properties hold:

(1) The logarithmic limit set Ay(V') is closed and y € Ay(V) if and only if there exist a
sequence (x(k)) in'V and a sequence (t(k)) in (0, 1) such that (t(k)) — 0 and

(Log__(2(k))) = v-

(2) The logarithmic limit set Ay(V') is a cone in R".

(3) We have 0 € Ay(V) if and only if V # 0. Moreover, Ao(V') = {0} if and only if V
is relatively compact in (Ro)" and non-empty.

4) If W C R™ we have Ay(V UW) = Ag(V) U Ay(W) and Ag(V NW) C Ap(V) N
Aog(W).
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Figure 2. If V. = {(z,y) € (Rso)’ | 2* < y < &} (left picture), then Ay(V) =
{(z,y) eR* |22 <y < %x} (right picture).

Proof. The first assertion is simply a restatement of Proposition 2.1. For the second one,
we want to prove that if A > 0 and y € A(V), then A~y € Ay(V). There ex-
ist a sequence (x(k)) in V and a sequence (¢(k)) in (0, 1) such that (¢(k)) — O and
(Log_:_(x(k))) — y. Consider the sequences (z(k)) and (t(k)*). Now

t(k)
Log_y_(a(h) = —— - Tog, (o(k)) = A~ - Log, (#(h)
og_ i1 _(x = ———Log.(z = —— Log,(z
(A log, (t(k))‘) ‘ log, (t(k)) —~°
and this sequence converges to A~ !y. The third and fourth assertions are trivial. |

Given a closed cone C C R™, there always exists a set V. C (Rs)" such that
C = Ay(V), simply take V' = Log_,'(C). Then A,(V) = C for all t. If we want
to find more properties of logarithmic limit sets, we need some assumptions on the set
V', for example that V' is semi-algebraic or, more generally, definable in an o-minimal
polynomially bounded structure, as in Section 3.

Let A = (a;;) € GL,(R). The matrix A acts on R™ in the natural way and, via
conjugation with the map Log,, it acts on (Rs¢)". Explicitly, it induces the maps A :
R” — R"and A : (Rs¢)" — (Rso)™:

A(.Z) = A(SE],... ’-rn) = (allxl + -t anTp, .., @p1 ) +annxn)

A(z) = Exp, oA o Log, (z) = (z{"ay? - alin ... a{magm - glr)
IfV C (Rso)" and B € GL,(R), then B(Ao(V)) = Ao(B(V)).

Lemma 2.3. (0,...,0,—1) € Ao(V) if and only if there exists a sequence (y(k)) in V
such that (y,(k)) — 0 and

VN eN:3kg e N:Vk>ky:Vie{l,...,n—1}:
yn(k) < (yi(k)™ and y, (k) < (yi(k))~".



6 Daniele Alessandrini

Proof. Suppose (0, ...,0,—1) € Ay(V), then by Proposition 2.2 there exists a sequence
(y(k)) in V and a sequence (¢(k)) in (0, 1) such that (¢(k)) — O and (Log_._(y(k))) —
(0,...,0,—1). This means that

f(k)

-1 ifi=n

-1
(loge(t(k’)) log@(yi(k))) - {0 ifie{l,...,n—1}

Now ((k)) — 0 hence (m) — 0, (log.(yn(k))) = —o0, (yn(k)) — 0 and

, . ( log. (yi(k))
vie{l,...,n—1}: (log(yn(k))) 0.

Hence Ve > 0 : Jko : Vk > ko : Vi < n: (yn(k))® < yi(k) < (yn(k)) °. We conclude
by reversing the inequalities and choosing € = %

Conversely, if (y(k)) has the stated property, then (| Log, (y(k))|) — oo (where |- | is
the standard Euclidean norm in R™). It is possible to choose (¢(k)) such that (¢(k)) — 0
and {Log%(y(km = 1. Up to subsequences, the sequence (Log%(y(k))) converges

to a point that, by reversing the calculations in first part of the proof, is (0,...,0,—1).

Hence (0,...,0,—1) € Ay(V). O
Corollary 2.4. If there exists a sequence (x(k)) in V such that (z(k)) — (a1,...,an—1,
0), where ay,...,an—1 > 0, then (0,...,0,—1) € Ao(V). The converse is not true in

general (see Figure 3).

We will see in Theorem 3.6 that if V' is definable in an o-minimal and polynomially
bounded structure, the converse of the corollary becomes true.

A sequence (b(k)) in (Rs)" is in standard position in dimension m if, for g = n—m,
we have (b(k)) = b= (bi,...,b4,0,...,0), with by, ..., b, > 0 and

VN eN:3ko:Vk>ko:Vie{g+1,...,n—1}: bii(k) < (b;(k)".

Figure 3. If V = {(z,y) € (Rso)* | y = eff} (left picture), then Ay(V) = {(z,y) €
R? |y =0,2 > 0orz =0,y <0} (right picture).
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Lemma 2.5. Let (a(k)) be a sequence in (R~o)" such that (a(k)) = a = (ay,...,an,
0,...,0), with h < nand ay,...,a, > 0. There exist a number m < n — h, a sub-
sequence (again denoted by (a(k))) and a linear map A : R — R"™ such that the
sequence (b(k)) = (A(a(k))) C (Rso)" is in standard position in dimension m.

Proof. By induction on n. For n = 1 the statement is trivial. Suppose that the statement
holds for n — 1. Consider the logarithmic image of the sequence: (Loge(a(k:))). Up

to extracting a subsequence, the sequence (%) converges to a unit vector v =
(0,...,0,0p41,...,v,). There exists a linear map B, acting only on the last n — h

coordinates, sending v to (0,...,0,—1). By Lemma 2.3, the map B sends (a(k)) to
a sequence (b(k)) such that (b,(k)) — Oand VN € N : Jky : Vk > ko : Vi €

{1,...,n—1}:

bu(k) < (bi(R)™ and b (k) < (bs(k)) " (1
As B acts only on the last n — h coordinates, (b;(k)) — a; # 0fori € {1,...,h}. Upto
subsequences we can suppose that for every i € {h + 1,...,n — 1} one of the following

three possibilities occurs: (b;(k)) — 0, (bi(k)) — b; # 0, (b;(k)) — 4o0. Uptoa
change of coordinates with maps of the form

Bi(z1y. .y Tiye oy n) = (14 ooy =Ty ooy Tn)

Bi(x1y. s Xy Ty) = (xl,...,aci_17...,a:n),
we can suppose that for every i € {h + 1,...,n — 1} either (b;(k)) — 0 or (b;(k)) —
b; # 0. Up to reordering the coordinates, we can suppose that there exists ¢ > h such
that fori € {1,...,g}: (bi(k)) — b; # 0 and for ¢ > g, (b;(k)) — 0. Now consider the
projection on the first n — 1 coordinates: 7 : R» — R”~!. By the inductive hypothesis
there exists a linear map C' : R*~! — R"~! sending the sequence (7(b(k))) to a
sequence (c(k)) satisfying

YN eN:Tko:Vk>ko:Vie{g+1,....,n—2}: cip(k) < (c(k) ()

The composition of B and a map that preserves the last coordinate and acts as C' on
the first ones is the linear map we are searching for. Fori € {g + 1,...,n — 2}, the
inequality follows from (2), for i = n — 1, it follows from (1). O

The basic cone defined by the vector N = (Ny,..., N,_1) € N*"lis
By = {$ e R" | Vi:z;, <0O0and Vi <n: Tit1 < N7I1}

Note thatif N = (N7,..., N/ _,), with Vi : N/ > N;, then B}, C By. The exponential

1+ ¥n—1
basic cone in (Rso)" defined by the vector N = (Ny,..., N,,_1) € N*~! and the scalar
h > 01is the set
Ennp= {:1: ER"|Vi:0<z; <handVi<n:zi4 < sz’}

Lemma 2.6. The following easy facts about basic cones hold:
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(1) The logarithmic limit set of an exponential basic cone is a basic cone:
.A()(EN_’}L) = BN.

(2) If (b(k)) is a sequence in (Rs¢)" in standard position in dimension n, and Ey p, is
an exponential basic cone, then for large enough k, b(k) € Ep .

2.3 Definable sets in o-minimal structures. In this subsection we recall notation and
some definitions of model theory and o-minimal geometry we will use later, see [9] and
[19] for details. Given a set of symbols S (see [9, Chapter II, Definition 2.1]), we denote
by Lg the corresponding first order language (see [9, Chapter II, Definition 3.2]). If S’
is an expansion of a set of symbols S we will write S C S’. For example, for the theory
of real closed fields one can use the set of symbols of ordered semirings: OS = ({<
}{+,-},0) or the set of symbols of ordered rings OR = ({<},{+, —, -}, {0, 1}), which
is an expansion of OS. In the following we will use these sets of symbols and some of
their expansions.

We usually will denote an S-structure by M = (M, a), where M is a set, and a is the
interpretation (see [9, Chapter III, Definition 1.1]). Given an S-structure M = (M, a),
and an Lg-formula ¢ without free variables, we will write M E o if M satisfies ¢ (see
[9, Chapter III, Definition 3.1]).

A real closed field can be defined as an OS- or an OR-structure satisfying a suitable
infinite set of first order axioms. The natural OS-structure on R will be denoted by R.

If M = (M, a) is an S-structure, and S’ is an expansion of .S, an S’-structure (M, a’)
is an expansion of the S-structure (M, a) if o’ restricted to the symbols of S is equal to a.
If M C N, an S-structure N = (N, b) is an extension of an S-structure M = (M, a) if
forall s € S, b(s)ar = a(s).

A definable subset of M™ is a set that is defined by an Lg-formula ¢(z1, ..., 2, y1,

.., Ym) and by parameters a, . . . a,, € M, and a definable map is a map whose graph is
definable. For example if M is an OS- or an OR-structure satisfying the axioms of real
closed fields, the definable sets are the semi-algebraic sets, and the definable maps are the
semi-algebraic maps.

Let S be an expansion of OS, and let M be an S-structure satisfying the axioms of
the real closed fields. The S-structure M is said to be o-minimal if the definable subsets
of M are the finite unions of points and intervals (bounded and unbounded). See also [7]
and [19].

Let S be an expansion of OS, and let R = (IR, a) be an o-minimal S-structure. The
S-structure R is called polynomially bounded if for every definable function f : R — R
there exists a natural number N such that for every sufficiently large z, | f(z)| < z™.
See also [12]. In [13] it is shown that, in this case, if f : R — R is definable and not
ultimately 0, there exist r, ¢ € R, ¢ # 0, such that

f(z)

lim —* =c.
z—+oo "

The set of all such  is a subfield of R, called the field of exponents of R. For example the
OR-structure R is polynomially bounded with field of exponents Q.
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If A C Ris asubfield, we can construct an expansion of S and R by adding the power
functions with exponents in A. We expand S to S* by adding a function symbol fy for
every A € A, and we expand R to an S™-structure R interpreting the function symbol
f» by the function that is  — x* for positive numbers and z — 0 on negative ones.
The structure 93" is again o-minimal, as its definable sets are definable in the structure
expanded by adding the exponential function e*, which is o-minimal by [16].

Suppose that the expansion of R constructed by adding the family of functions
{Ilr[ll]}re/\ is polynomially bounded, then SR% is too (see [14]). For example if the
structure R expanded by adding the restricted exponential function eﬁQ 1 is polynomially

bounded, then R is too.

In the following we will work with o-minimal, polynomially bounded structures R
expanding R, with the property that 23¥ is polynomially bounded. We will call such
structures regular polynomially bounded structures. One example of regular polynomially
bounded structure is R,,,, the real numbers with restricted analytic functions, see [20] for
details. This structure has field of exponents Q, while R, has field of exponents R.
As R,, is an expansion of R, also R is polynomially bounded, hence R is a regular
polynomially bounded structure.

Other examples of regular polynomially bounded structures are the structure R~ of
the real field with convergent generalized power series (see [22]), the field of real num-
bers with multisummable series (see [23]) and the structures defined by a quasianalytic
Denjoy—Carleman class (see [15]).

3 Logarithmic limit sets of definable sets

3.1 Some properties of definable sets. Let R be an o-minimal and polynomially
bounded expansion of R.

Lemma 3.1. For every definable function f : (Rsg)" — R, there is an exponential
basic cone C and N € N such that fic(zy,...,7,) > (xn)N

Proof. Fix an exponential basic cone C' C (Rs)". By the Lojasiewicz inequality (see
[21, 4.14]) there exist N € N and Q > 0 such that Qfic(zy,...,z,) > (a;n)N The
assertion follows by choosing an exponent bigger than [V and a suitable exponential basic
cone smaller than C. |

Lemma 3.2. Every cell decomposition of (Rso)" has a cell containing an exponential
basic cone.

Proof. This proof is based on the cell decomposition theorem, see [19, Chapter 3] for
details. We proceed by induction on n. For n = 1, the statement is trivial.

Suppose the lemma true for n. If {C;} is a cell decomposition of (Rso)" "', and if
71 (Rso)" ™" — (Rs)™ is the projection on the first n coordinates, then {m(C;)} is a
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cell decomposition of (R>0)", hence, by induction, it contains an exponential basic cone
D of (Rs¢)". Then 7~!(D) x (0, 1] contains a cell of the form

E={(Z,2p41) |2 € D,0 <xps1 < f(2)},

where T = (x1,...,x,) and f : D — (0, 1] is definable. By the previous lemma, there

is an exponential basic cone D’ C D and N € N such that fip/ (z) > (xn)N Hence E
contains the exponential basic cone

{(#,2041) | 7 € D',0 < pyr < (z0)" ). O

Corollary 3.3. Let V C (Rsq)" be definable in R, and suppose that V contains a se-
quence (z:(k)) in standard position in dimension n. Then V contains an exponential basic
cone.

Proof. Let {C;} be a cell decomposition of (R¢)" adapted to V. By the previous lemma,
one of the cells contains an exponential basic cone D. By Lemma 2.6, if £ is sufficiently
large, (z(k)) € D,hence D C V. O

Corollary 34. Let V C (R>0)2 be definable in R, and suppose that exists a sequence
(z(k)) in V such that (z(k)) — 0 and

VN €N:3ko:Vk>ko: aa(k) < (z1(k)Y
Then there exist hy > 0 and M € N such that
{zeR*|0<z <hyand0 <z, < (wl)M} cV.
Proof. This is precisely the previous corollary with n = 2. O

Lemma3.5. Let V. C (Rsq)" be definable in R, and suppose that there exists a se-
quence (x(k)) in V, an integer m € {1,...,n} and, for g = n — m, positive numbers
ai,...,aq > 0such that (x(k)) — (ai,...,a4,0,...,0), and such that

VN eN:3ko:Vk>ko:Vie{g+1,...,n—1}: 2,(k) < (z:i(k)".

Then for every € > 0 there exist a sequence (y(k)) in V' and positive real numbers
bi,...bp—1 > 0 such that (y(k)) — (b1,...bn—1,0) and for all i € {1,...g} we have
|b; — a;] < e.

Proof. If n = 2 the statement follows by Corollary 3.4. By induction on n we suppose
the statement to be true for definable sets in R with n/ < n. We split the proof in two
cases, when m < n and when m = n.

If m < n, fix an € > 0, smaller than every a;, and consider the parallelepiped

1 1
05:{(z1,...,zn)€R” |21 —ai| < 557...7|zgfag| <§e}.
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Let 7 : R™ — R™ be the projection on the last m coordinates. The set (V' N
ce) is definable in R™, the sequence (w(x(k))) satisfies the hypotheses of the lemma,
hence, by induction, there exists a sequence (z(k)) € m(V N ¢.) converging to the point
(bgs1s---,bn—1,0). Let (y(k)) be a sequence such that y(k) € 7~ '(z(k)). We can ex-
tract a subsequence (called again (y(k))) such that (y(k)) — (b1, ..., bn—1,0) where for
alli € {1,...g} we have |b; — a;| < 3e.

If m = n > 2, then (x(k)) — 0. The sequence (M) is contained in
the unit sphere S™~2, and, up to subsequences, we can suppose that it converges to a unit

vector v = (V1,...,Un_1) € (Rzo)nfl. Up to reordering, v = (vy,...,vp,0,...,0),
with vy, ..., v, > 0. We can choose an « > 0 small enough such that the closure of the
open cone

<(yla s 7yn71)av>
(155 yn) [0

intersects the coordinate hyperplane {y | y; = 0} only in 0. Let 7 : R® — R"~! the
projection on the last n — 1 coordinates. The set (V N Cy(c)) is definable in R™~1,
the sequence (w(x(k))) satisfies the hypotheses of the lemma, hence, by induction, there
exists a sequence (z(k)) in m(V N C,(«)) converging to the point (by, . . ., by_1,0), with
by,...,bn_1 > 0. Let (y(k)) be a sequence such that y(k) € 7—'(z(k)). Up to sub-
sequences, (y(k)) — (b1,...,bn—1,0). To see that b; > 0, note that y(k) € Cp(«),
whose closure intersects {y | y; = 0} only in 0. Hence if, by contradiction, we have that
(y1(k)) — 0O, then (y(k)) — 0. But by, ..., b,—1 > 0, a contradiction. O

Cy(a) = {y € R"

> COSOz}

3.2 Polyhedral structure. Let V C (Rso)" be a definable set in an o-minimal and
polynomially bounded structure. Our main object of study is .4 (V), the logarithmic limit
set of V. Suppose that R has field of exponents A C R. Given a matrix B € GL,(A),
the set B(Ay(V)) is the logarithmic limit set of B(V'). The components of B~ are all
definable in 9% because their exponents are in A, hence the set B(V') is again definable.

Theorem 3.6. Let V' C (R<()™ be a set definable in an o-minimal and polynomially
bounded structure. The point (0,...,0,—1) is in Ag(V) if and only if there exists a
sequence (x(k)) in V such that (x(k)) — (ai1,...,an—1,0), where ay,...,an_1 > 0.

Proof. If there exists such an (z(k)), then it is obvious that (0,...,0,—1) € Ay(V).
Vice versa, if (0,...,0,—1) € Ay(V), then by Lemma 2.3 there exists a sequence (y(k))
in V such that (y,(k)) — 0 and

VN eN:IkyeN:VE>ky:Vie{l,...,n—1}:
yn(k) < (yi(k))™ and y, (k) < (i (k).

Up to subsequences we can suppose that for all ¢ € {1,...,n — 1} one of the follow-
ing three possibilities occur: (y;(k)) — 0, (y;(k)) — a; # 0, (y;(k)) — +oo. Upto
a change of coordinates with maps of the form B;(zy,..., %, ..., Tn) = (x1,..., —x4,

..., Zn), we can suppose that for all i € {1,...,n — 1} either (y;(k)) — O or (y:(k)) —
a; # 0. Then we can apply Lemma 3.5, and we are done. |
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Now we suppose that fR is a regular polynomially bounded structure, or, equivalently,
that 2R has field of exponents R. Let z € Ay(V'). We want to describe a neighborhood of
x in Ao(V'). To do this, we choose a map B € GL,,(R) such that B(x) = (0,...,0,—1).
Now we only need to describe a neighborhood of (0, ...,0,—1) in Ag(B(V)). As loga-
rithmic limit sets are cones, we only need to describe a neighborhood of 0 in

H= {(£E17 R 7*@7171) S R! | (1‘1, ey Tp—1, —1) € AO(E(V))}
We define a one-parameter family and its limit (in the sense of subsection 2.1):

Wi ={(z1,...,2n_1) € Rs0)" " | (z1,...,20_1,t) € B(V)},
W = (lim W) N (Rso)" ™"

The set W is a definable subset of (R>0)"_1. Its logarithmic limit set is denoted, as
usual, by Ag(W) C R"~!. By the previous theorem, as (0, ...,0,—1) € Ay(B(V)), W
is not empty, hence 0 € Ay(W). We want to prove that there exists a neighborhood U
of 0 in R™~! such that Ao(W)NU = H N U or, in other words, that Ay(W) N H is a
neighborhood of 0 both in Ay(1W') and H. This will be achieved in Theorem 3.10.

A flag in R™ is a sequence (Vp, Vi,...,V4), h < n, of subspaces of R™ such that
Voc Vi C---CVp CR”and dimV; = i. We use flags to encode the direction in
which a sequence converges to a point, in the following sense: we say that a sequence
(z(k)) in R™ converges to the point y along the flag (Vi, V3, ..., V4) if (z(k)) — v, for
k:x(k)—y e Vip\Vho1and Vi € {0,..., h—2}, the sequence (m;(x(k) —y)) converges
to the point 7;(V;11), where m; : Vi, \ V; — P(V},/V;) is the canonical projection on the
projective space P(V},/V;).

Lemma 3.7. For all sequences (x(k)) in R™ converging to a point y, there exists a flag
(Vo - -+, Vi) and a subsequence of (x(k)) converging to y along (Vo, ..., V3).

Proof. Tt follows from the compactness of P(V}, /V;). O

Lemma 3.8. Let x(k) C H be a sequence converging to 0. Then at least one of its points
is in Ag(W) N H. In particular Ao(W) N H contains a neighborhood of 0 in H.

Proof. By Lemma 3.7, we can extract a subsequence, again denoted by x(k), converging
to zero along a flag (Vy, V4, ..., V3,) in R»~!. Up to a linear change of coordinates, we can
suppose that this flag is given by ({0}, Span(e,—1), Span(e,—2, €n—1), ..., Span(e,—_p,
...,en—_1)). Hence fori € {1,...,n —h — 1} we have z;(k) = 0. Again by extracting a
subsequence and by a change of coordinates with maps of the form

Bi(xy, ..o @iy oy Tp) = (X1, 0oy —Tiy e ooy Tp),
withi € {n — h,...,n — 1}, we can suppose that for all such 4, ;(k) < 0.

By Proposition 2.2, as H x {1} C Ay(B(V)), for every point z(k) there exists
a sequence (y(k,!)) in B(V') and a sequence (t(k,!1)) in (0, 1) such that (¢(k,1)) — 0
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and (Log_.1_(y(k,1))) — (xz(k),—1). By Theorem 3.6 we can choose (y(k,1)) such

BAGD)
that (y(k,1)) — a(k), with a;(k) > O fori € {1,...,n — h — 1}, and a;(k) = 0 for
i € {n — h,...,n}. Upto a change of coordinates with maps of the form

Bi(l‘l:"wxiw'w:pn) = (xlw"v*xi:"wxn%
withi € {1,...,n — h — 1}, we can suppose that the sequence a(k) is bounded and that,
up to subsequences, it converges to a point a, with a; = 0 fori € {n — h,...,n}.

Let 7 : R* — R™~"~! be the projection on the first n — h — 1 coordinates. Then
m(a(k)) C (]R>0)"7h71. By Lemma 2.5 we can suppose that 7(a(k)) is in standard
position, i.e. ay,...,ag > 0,a441 = -+ = a, = 0 and

YN eN:3ko:Vk>ko:Vie{g+1,....n—h—2}: ai1(k) < (a;(k)".

From the sequences y(k, 1), we extract a diagonal subsequence z(k) in the following
way. For every k, the sequence y(k,[) converges to a(k) = (ai(k),...,an—n-1(k),0,
...,0). As Logﬁ(y(k7 1)) = (z(k),—1) = (0,...,0,zp_p(k),...,xn-1(k),—1),

foralli € {n — h,...,n — 1} we have

log, (yn(k,1)) -1
log, (yi(k, 1)) wi(k)’

For every k, we can choose an [y(k) such that

: . | loge (yn (k,lo(k))) -
M Vie{n—"h,...,n—1}: m— zi(}c)| <1,
@) [y(k,lo(k)) — a(k)| < .

We define z(k) = y(k, lo(k)). Now (2(k)) = a = (a1,...,a4,0,...,0) and, as z(k) —
(0,...,0) along the flag (Vj, ..., V},), we have

YN eN:Tko:Vk >ko:Vic{g+1,....,n—1}:  zip(k) < (z:(k)".

Let r be smaller than every ay, . .., aq. Consider the parallelepiped

1 1
¢ = {(zl,...,zn) ER" ||z —ar] < 5r,...,|zg —ay| < Er}

Let 7 : R® — R"™79 be the projection on the last n — g coordinates. The set
7(B(V) N ¢,) is definable in R"~9, and the sequence m(z(k)) satisfies the hypotheses
of Corollary 3.3, hence 7(B(V) N ¢,) contains an exponential basic cone, hence 7(W x
{=1} N¢,) also contains one. This means that Ay(7(W x {—1}) N ¢,) contains a basic
cone. Hence also Ay (W x{—1}Nc,) contains this cone, and also A (W'). By Lemma 2.6,

at least one of the points z(k) is in this cone. O

Lemma 3.9. Let x € Ag(W). Then the number r(z) = sup{r | Az € H,if 0 < A <r}
is strictly positive.
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Proof. Let © € Ayg(W). By a linear change of coordinates, we can suppose that © =
(0,...,0,—1) € R*"~!. By Theorem 3.6 there is a sequence (x(k)) in W converging
to the point (ay,...,a,—2,0), with a,...,a,—» > 0. As W is the limit of the family
W, for every k there is a sequence (y(k,1)) in B(V) converging to (z(k),0). We can
construct a diagonal sequence (z(k)) in B(V) in the following way: for every k we can
choose an Iy (k) such that

ly(k,lo(k)) = (2(k), 0)] < (zn-1(k))".

Then we set z(k) = y(k, lo(k)). The sequence z(k) converges to the point (ay, ..., ay_2,
0,0). Let r be smaller than any of the a4, . .., a,_,. Consider the parallelepiped

. 1 1
Cr = {(zl,...,zn) ER" ||z —a1] < Er,...,|zn,2 — p_a| < ET}

Let 7 : R® — R? be the projection on the last 2 coordinates. The set 7(B(V) Ne¢,)is a
definable subset of R?, and the sequence 7(z(k)) satisfies the hypotheses of Corollary 3.4,
hence 7(B(V) N ¢,) contains an exponential basic cone. This means that there exists a
number 7’ > 0 such that {(0,...,0,2) | -’ <z <0} C H. O

Theorem 3.10. Let V' C (Rs)™ be a set definable in a regular polynomially bounded
structure. Let x € Ay(V') and choose a map B € GL,,(R) such that B(z) = (0,...,0,
—1). We recall that
H= {(xl, .. ~71‘n71) e R*! | (:Elv ey Tp—1, —1) € AQ(E(V))}
Wi = {(21,...,2n-1) € Rs0)" " | (21,...,20-1,t) € B(V)}
_ . n—1
W= Q%Wt) N (Rso)™ "

Then there exists a neighborhood U of 0 in R"~! such that Ag(W)NU = HNU.

Proof. We will prove that Ay(1W) N H is a neighborhood of 0 both in Ay(7¥) and in H.
The previous lemma implies that if (z(k)) is a sequence in H converging to 0, then at
least one of its points is in Ag(W), hence Ao(W) N H is a neighborhood of 0 in H.

To prove that Ay(TW) N H is also a neighborhood of 0 in Ay(7V), we only need to
prove that if 7 is the function defined in Lemma 3.9, there exists an € > 0 such that

Vo € A(W)NnS" 2 :r(x) >e.
But this is true, because we already know that Ay (1¥)N H is a neighborhood of 0 in H. O
Theorem 3.11. Let V' C (Rs)™ be a set definable in a regular polynomially bounded

structure. The logarithmic limit set Ay(V') is a polyhedral complex. Moreover, if dim V =
m, then dim Ay (V) < m.
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Proof. By induction on n. For n = 1 the statement is trivial, as a cone in R is a polyhedral
set, and every zero dimensional definable set is compact, hence its logarithmic limit set
is a point. Suppose the statement is true for n — 1. For every x € Ay(V) there is a
linear map B sending x to (0,...,0,—1). The statement in [21, 4.7] implies that the
definable set W C (Rs()™ has dimension less than or equal to m — 1, hence Ay(W) is a
polyhedral set of dimension less than or equal to m — 1 (by the inductive hypothesis). By
the previous theorem a neighborhood of the ray {A\z | A > 0} in Ay(V) is the cone over
a neighborhood of 0 in Ay (W), hence it is a polyhedral complex of dimension less than
or equal to m. By compactness of the sphere S™~!, Ao(V) can be covered by a finite
number of such neighborhoods, hence it is a polyhedral complex of dimension less than
or equal to m. O

Note that the statement about the dimension can be false for a general set. See Figure 4
for an example.

Moreover, it is not possible to give more than an inequality, as for every s < m
it is always possible to find a semi-algebraic set V' C (Rso)™ such that dimV = m
and dim Ay(V) = s. For example take the parallelepiped V' = [1,2]™7° x (Rsq)® C
(Rs0)™, with Ag(V) = {0}~ x (Rsp)®. Itis also possible to find counterexamples
of this kind where V' is the intersection of (IR>0)m+l with an algebraic hypersurface. For
example let S C (Rso)" **! be the sphere with center (2, ..., 2) and radius 1, then
V = 8m75 x (Rsg)® C (Rso)™ " has dimension m, but Ay(V) = {0}™ 5 x (Rs¢)*
has dimension s.

It is also possible to find a semi-algebraic set V that is the intersection of (Rsg)"”
with an irreducible pure-dimensional smooth hypersurface, and such that its logarithmic
limit set Ao (V) is not pure-dimensional, see for example Figure 5. Note that the product
V x S*, with S" the sphere with center (2,...,2) and radius 1 as above, is again the
intersection of (R<)™ ™" with an irreducible pure-dimensional smooth variety, and its
logarithmic limit set is lower dimensional and not pure-dimensional.

|

Figure 4. If V = {(z,y) € (Ro)” | y = sin 2} (left picture), then Ay(V) = {(z,y) €
R? |y < 0,7 <Oorx >0,y = —x} (right picture).
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Figure 5. If V = {(z,y, 2) € (Rs0)’ | # = (y— 1)+ (2—1)2} (left picture), then Ay (V')
contains a ray along the direction (—1, 0, 0) that is not contained in any two-dimensional
face, and a two-dimensional part made up of three infinite two-dimensional faces in the
half-space « > 0 (right picture).

4 Non-Archimedean description

4.1 The Hardy field. Let S be a set of symbols expanding OS, and let R = (R, a) be
an o-minimal S-structure expanding R (see subsection 2.3 for definitions).

The Hardy field of R can be defined in the following way. If f, g : Rvg — R are two
definable functions, we say that they have the same germ near zero, and we write f ~ g,
if there exists an € > 0 such that f}(o .y = g|(0,¢)- The Hardy field can be defined as the set
of germs of definable functions near zero: H(R) = {f : Rso — R | f definable }/ ~.
We will denote by [f] the germ of a function f.

For every element a € R, the constant function with value a defines a germ that is
identified with a. This defines an embedding R — H (fR). Every relation in the structure
R defines a corresponding relation on H (2R), and every function in the structure 2R defines
a function on H (fR), hence the Hardy field H(R) can be endowed with an S-structure
H(R). Given an Lg-formula ¢(z1,...,2,), and given definable functions f,..., fn,
we have

H®R)Eo([fil,..-,[fn]) <= Fe>0:¥te (0,e):RE o(fi(t),..., fu(t)).

See [7, Section 5.3] for precise definitions and proofs. In particular the S-structure
H(fR) is an elementary extension of the S-structure 3. Note that the operations + and -
turn H (R) into a field, the order < turns it into an ordered field, and also note that this
field is real closed. Moreover, the S-structure H (R) is o-minimal.

Suppose that S” is an expansion of .S, and that fR’ is an S’-structure expanding fR.
Then all functions that are definable in 2R are also definable in 9R’. This defines an in-
clusion H(R) C H(R'). Note that, by restriction, 2R’ has an S-structure induced by his
S’-structure. If p(z1, ..., 2, ) is an Lg-formula, and hy, ..., h, € H(R), then

HOR)E o(h,... hy) = HOV)E olhy,... h).
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In other words the S-structure on H (9R’) is an elementary extension of H (R).
If R is polynomially bounded, for every definable function f whose germ is not 0,
there exists 7 in the field of exponents and ¢ € R \ {0} such that

lim M—

z—0t "

If h is the germ of f, we denote the exponent r by v(h). The map v : H(R) \ {0} — R
is a real valued valuation, turning H(R) in a non-Archimedean field of rank one. The
image group of the valuation is the field of exponents of R, denoted by A. The valuation
has a natural section, the map

A>r—2a" € H®R).

The valuation ring, denoted by O, is the set of all germs bounded in a neighborhood of
zero, and the maximal ideal m of O is the set of all germs infinitesimal in zero. The
valuation ring O is convex with respect to the order <, hence the valuation topology
coincides with the order topology. The map O — R sending every element of O to
its value in zero has kernel m, hence it identifies in a natural way the residue field O/m
with R. We will usually denote by ¢t € H(R) the germ of the identity function. We have
o(t) = 1.

As an example we can describe the field H (R). Every element of this field is algebraic
over the fraction field R(¢). Hence H (R) is the real closure of R(t), with reference to the
unique order such that ¢ > 0 and Vx € R+ : ¢ < x. The image of the valuation is Q.
Consider the real closed field of formal Puiseux series with real coefficients, R((t?)) =
U,,>; R((¢'/™)). The elements of this field have the form 2" (s(x'/™)), where r € Z and
5 is a formal power series. We have R(t) C R((t?)) as ordered fields, hence H(R) C
R((t?)). The elements of H(R) are the elements of R((¢2)) that are algebraic over R(t).
For these elements the formal power series s is locally convergent.

Another example is the field H(Ra,+), see [22]. By [22, Theorem B], for every
element & of this field, there exists a number r € R, a formal power series

F= Z Ca X

a€R>q

and a radius § € Ry such that ¢, € R, {& | co # 0} is well ordered, the series
Yoo lcald® < 400, (hence F is convergent and defines a continuous function on [0, 6],
analytic on (0, )) and

h = [z"F(z)).

Let F be a real closed field extending R. The convex hull of R in [ is a valuation
ring denoted by O<. This valuation ring defines a valuation v : F* — A, where A is an
ordered abelian group. We say that F is a real closed non-Archimedean field of rank one
extending R if A has rank one as an ordered group, or, equivalently, if A is isomorphic
to an additive subgroup of R. Hence real closed non-Archimedean fields of rank one
extending R have a real valued valuation (non necessarily surjective) well defined up to
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a scaling factor. This valuation is well defined when we choose an element ¢ € F with
t > 0 and v(t) > 0, and we choose a scaling factor such that v(¢) = 1. Now a valuation
v : F — R is well defined, with image v(F*) = A C R.

Consider the subfield R(¢) C F. The order induced by F has the property that ¢ > 0
and Vz € Ry : t < z. Hence F contains the real closure of R(¢) with reference to this

order, i.e. H(R). Moreover the valuation v on F restricts to the valuation we have defined

on H(R), as, if O< is the valuation ring of F, O< N H(R) is precisely the valuation

ring O of H(R). In other words every non-Archimedean real closed field IF of rank one
extending R is a valued extension of H(R).

4.2 Non-Archimedean amoebas. Let IF be a non-Archimedean real closed field of
rank one extending R, with a fixed real valued valuation v : F* — R. By convention,
we define v(0) = oo, an element greater than any element of R. The map

F>h—| h|=exp(—v(h)) € Rxg

is a non-Archimedean norm. The component-wise logarithm map can be defined also on
F by

Log: (Fs0)" 2 (hiy.. ., hn) — (log(H hill), ... log(]| hn ) € R™

Note that log(|| A ||) = —v(h). If V C (Fx0)", the logarithmic image of V is the image
Log(V).

Let S be a set of symbols expanding OS, and let (IF, a) be an S-structure expanding
the OS-structure on the non-Archimedean real closed field IF of rank one extending R. If
V C (Fso)" is a definable set in (F, a), we define the non-Archimedean amoeba of V as
the closure in R™ of the logarithmic image of V, and we will write A(V) = Log(V').

The case we are more interested in is when R = (IR, a) is an o-minimal, polynomially
bounded S-structure expanding R,and H (R) is the Hardy field, with its natural valuation
v and its natural S-structure. Non-Archimedean amoebas of definable sets of H (R) are
closely related with logarithmic limit sets of definable sets of fA.

Let F C K be two real closed fields. Let .S be a set of symbols expanding OS, let
(F,a), (K,b) be S-structures expanding the OS structure on the real closed fields and
such that K is an elementary extension of F. Let V' C F™ be a definable set in (IF, a). We
will denote by VX the extension of V' to the structure (K, b).

For example, if V' C R" is a definable set in R, we can always define an extension

VHE®) ¢ H(R)" of V to H(R).

Lemma 4.1. Let R be an o-minimal polynomially bounded structure. Let V. C (Rso)"
be a definable set. Then (0,...,0,—1) € Ay(V) <= (0,...,0,—1) € Log(VH®).

Proof. Suppose that (0, ...,0,—1) € A(VH ). Then there is a point (zy,...,z,) €
VH®) such that v(z,) = 1 and v(x;) = O forall i < n. If fi,..., f, are definable
functions such that z; = [f;], then 3¢ > 0 : V& € (0,e) : (fi(¢),..., fu(¥)) € V.
Moreover, when ¢ — 0 we have that f,,(t) — 0 and f;(¢t) — a; > 0 for ¢ < n. Hence
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V contains a sequence tending to (ay,...,an—1,0) with ar,...an—1 # 0, and Ay(V)
contains (0,...,0,—1).
Vice versa, suppose that (0,...,0,—1) € Ay(V). Then, by Theorem 3.6 there exists

a sequence (z(k)) in V such that (z(k)) — (a1,...,an_1,0), where ay,...,an—1 > 0.
Let ¢ be a number less than all the numbers aq, . . ., a,_1, and consider the set
1
{z eR| Iz, ..., Tp1 s —ai] < 3¢ and (z1,...,%p—1,2) € V}

As this set is definable, and as it contains a sequence converging to zero, it must contain
an interval of the form (0, ¢), with 6 > 0. In one formula:

1
Vo € (0,6): Fzy, ..., xn1 : |w; —as] < 7€
This sentence can be turned into a first order Lg-formula using a definition of V. This
formula must also hold for H(9R). We can choose an z € H(R), with x > 0 and
v(z) = 1. Then z < 4, hence

and (z1,...,2p_1,2) € V.

1
g, Ty | —ai] < 5€ and (zy,...,%p—1,2) € yHOY,
Now v(z;) = 0 for all i > 1, as |z; — a;| < 4e. Hence Log(zi,...,2pn_1,2) =
0,...,0,—1). O

Theorem 4.2. Let R be an o-minimal polynomially bounded structure with field of expo-
nents A. Let V C (Rx)" be a definable set. Then

Ao(V) N A™ = Log(VH®).
In particular, Log(VH(m)) is a closed subset of A™.

Proof. As Log(VH®™)) C A", we only need to prove that for all z € A", z € Ay(V) <
z € Log(VH®). We choose a matrix B with entries in A sending z to (0,...,0,—1).
Then we conclude by the previous lemma applied to the definable set E(V). For the last

statement, recall that Ay (V) is a closed subset of R™, hence .4y(V)NA™ is a closed subset
of A™. O

Theorem 4.3. Let F C K be two non-Archimedean real closed fields of rank one extend-
ing R, with a choice of a real valued valuation defined by an element t € F. Denote the
value groups by A = v(F*) and Q = v(K*). Let S be a set of symbols expanding OS,
let (F,a), (K, b) be S-structures expanding the OS structure on the real closed fields and
such that K is an elementary extension of F. Let V be a definable set in (F,a), and V¥
be its extension to (K, b). Then Log(V') C A™ is dense in Log(V*) c Q".

Proof. Suppose, by contradiction, that z € Log(V*) and it is not in the closure of
Log(V'). Then there exists an ¢ > 0 such that the cube

C={yeR"||ly1—x1]| <e&,...,|yn —zn| < &}
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does not contain points of Log(V'). Let h € VX be an element such that Log(h) = z, and
let d € IF be an element such that 0 < v(d) < e. Consider the cube

h h h
E— (z',hld) x (Ez,hzd) X oo (F”,hnd) C K.
The image Log(F) is contained in C, hence E NV is empty. But, as (K, b) is an ele-
mentary extension of (I, a), also £ N V¥ is empty. This is a contradiction as » € E and
h e VK, O

Corollary 4.4. Ler S be a set of symbols expanding OS, and let R = (R, a) be an o-
minimal polynomially bounded S-structure with field of exponents A, expanding R. Let
V C (Rs0)" be a definable set in R. Suppose that there exists a subfield Q C R such
that A C Q and R is o-minimal and polynomially bounded. Then Ay(V) N A™ is dense
in A()(V) nan.

Proof. Consider the Hardy fields H(9R) and H(9%%). By Theorem 4.2, Ao(V) N A" =
Log(VH®V) and Ay(V) N Q" = Log(VH(mn)). As we said above, the S-structures
on H(R) and H(R?) are elementary equivalent. The statement follows by the previous
theorem. O

Corollary 4.5. Let S be a set of symbols expanding OS, and let R = (R, a) be a regular
polynomially bounded S-structure with field of exponents A. Let V C (Rs¢)" be a set
that is definable in R. We denote by V) the extension of V to H(R) and by VHE®
the extension of V' to H(R®). Then

Ay(V) = Log(VH(mR)).
Moreover the subset Ao(V') N A™ is dense in Ao(V), and, as Ao(V) is closed,
A(VHEY) = A(VHOY) = Log(VHED).

Corollary 4.6. Let V C (Rs)" be a semi-algebraic set. Then Ag(V') N Q" is dense in
Ao(V). Let F be a non-Archimedean real closed field of rank one extending R, and let
VT be the extension of V to F. Then

Ao(V) = A(VF).
IfF extends H (@R), then
A(VF) = Log(V"¥).
As a further corollary, we prove the following proposition, that will be needed later.

Proposition 4.7. Let V C (Rso)" be a set definable in a regular polynomially bounded
structure, and let m : R™ — R"™ be the projection on the first m coordinates (with
m < n). Then we have

Ao(m(V)) = m(Ao(V))-
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n

Proof. We denote by 77® . H(R)" — H(R)" the projection on the first m co-
ordinates. The proposition follows easily from Corollary 4.5 and from the fact that

wHE (VHE)) = (n(v))H®) O

4.3 Patchworking families. Let S be a set of symbols expanding OS, and let R =
(R, a) be an S-structure expanding R. Let F be a non-Archimedean real closed field of
rank one extending R, and let (F, b) be an S-structure expanding the OS structure on the
real closed field and extending the S-structure on R. If V' is a definable set in (I, a), we
have defined the non-Archimedean amoeba .A(V) as the closure in R™ of the logarithmic
image Log(V'). Up to now, we studied the properties of non-Archimedean amoebas only
in the particular case in which V is the extension of a definable set in R, and this seems
an essential requirement because we used extensively the properties of logarithmic limit
sets to study non-Archimedean amoebas. This particular case can be called the constant
coefficient case, because one can consider the elements of [F as real valued functions (this
interpretation is clear in the case of Hardy fields) and the elements of R as constant real
valued functions, and the extension to IF of a definable set in R is definable with real
coefficients.

The purpose of this subsection is to show that with similar methods one can study
the properties of general definable sets. We will restrict ourself to the case where (I, b)
is the S-structure H (9R) on the Hardy field of 9R. The idea is to define a one parame-
ter family of definable sets in R, and to show that the logarithmic limit of this family is
the non-Archimedean amoeba. Families constructed with this idea are sometimes called
patchworking families in the literature. After having shown that the non-Archimedean
amoebas are polyhedral complexes with controlled dimension, we will show how their
local structure around a point A is described by logarithmic limit sets of a particular de-
finable set in 2R that we will call the initial set of A.

If V.C (H(R)>o)" is a definable set, there exist a first order Lg-formula ¢(z1,.. .,
Ty Y1y - - - Ym )> and parameters ay, . . ., a,, € H () such that

V={(x1,...,zn) | p(x1,. .., Tn,a1,...,am)}.

Choose definable functions fi, ..., f, such that [f;] = a;. These data define a definable
set in fR:

V= {(1‘1,,. .,SL'n,t) € (R>0)n+l | <p(x17. ~-7xn7fl(t)a'- -7fm(t))}~

Suppose that ¢’ (21, ..., Zn, Y1, ., Ym’) is another formula defining V' with parameters
ay,...,a,,, and that f{,..., f/ , are definable functions such that [f;] = a]. These data
define

= {(Ilv"wxnvt) € (R>0)nJrl ‘ ‘Pl(xlv'“vxmfll(t)v'"7f7/n’(t))}'

As both formulae define V' we have

H®R)EVzy, ..., 01,0 Ty a1,y a) = @ (21,0, T, a0 al,).
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As we said above, we have: 3¢ > 0: V¢ € (0,¢) : RE Vay,..., 2,
(T, T, fit), -, () = (@1, f1(E), o ().

Hence V N (R" x (0,£)) = V' N (R” x (0,¢)), and the set V is “well defined for
small enough values of ¢t”. Actually we prefer to see the set Vasa parametrized family:

V, = {(xl,...,xn) € (Rx0)" | (z1,...,Tn,t) € ‘7}

We can say that the set V' determines the germ near zero of this parametrized family.
We will use the notation V., = (V}),., for the family, and we will call these families
patchworking families determined by V, as they are a generalization of the patchworking
families of [24].

Given a patchworking family V., we can define the tropical limit of the family as

Ag(V) = lim Ay(V;) = lim Log, (V;),
t—0 t—0 t

where the limit is in the sense of subsection 2.1. This is a closed subset of R™. Note that
this set only depends on V. If V is the extension to H (R) of a definable subset W C R",
then the patchworking family V; is constant: V; = W, and the tropical limit is simply the
logarithmic limit set: Ay (Vi) = Ao(W).

Consider the logarithmic limit set of V:

Aop(V) = lim A, (V) c R™H1.
t—0
As in subsection 3.2, we consider the set
H = {(wh...,xn) eR" | (z1,...,2n,—1) € Ao(f/)}.

Note that Log ' (R” x {—1}) = (Rs)" x {t}. Hence Ay(V,) = lim,_,o Log: (V;) = H.

Now consider the extension V() of the V to the Hardy field H(fR). By the results
of the previous section, we know that A(VH®)) = Ay(V'). If we denote by ¢t € H(R)
the germ of the identity function, we have that

V={(z1,...,2n) | (x1,... 20, t) € VIOVY,

as, fori € {l1,...,m}, we have f;(t) = a;. Hence, as log|t| = —1, A(V) C H =
Ao (V).

Lemma4.8. (0,...,0) € Ay(Vi) < (0,...,0) € Log(V).

Proof. The forward implication follows from what we said above. The converse follows
from the second part of the proof of Lemma 4.1, applied to the set V. O
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Let A € A™. We define a twisted set
Vd={z e HR)" | ot Ma1,....t Map,a1,...,am)}.
Then A € Log(V) < (0,...,0) € Log(V?*). Then we define
H = {(21,. .., 00) €R™ | (21, .., 20, —1) € Ap(V})}.
Now H* is simply H translated by the vector —\. Hence we get:

Lemma 4.9. Forall A € A, we have \ € Ay(Vi) < A € Log(V).

Using these facts we can extend the results of the previous sections about logarithmic
limit sets and their relations with non-Archimedean amoebas to tropical limits of patch-
working families. For example we can prove the following statements.

Theorem 4.10. Ler S be a structure expanding OS, and let R = (R, a) be a regular
polynomially bounded S-structure with field of exponents A. Let V. C H(9R) be a defin-
able set in the S-structure H(R), and let V. be a patchworking family determined by V.
Then the following facts hold:

(1) Ao(Vi) is a polyhedral complex with dimension less than or equal to the dimension
of V.

@ Ap(Vi) N A" = Log(V).

(3) Ao(V) = A(V).

4) Ao(Vi) N A™ is dense in Ay(Vy).

Proof. Every statement follows from the corresponding statement about logarithmic limit
sets, and from the facts exposed above. O

For every point A € A, the twisted set V* defines a germ of patchworking family
VA = (Vt’\)DO, where for every ¢, V;» is a definable subset of (R~¢)". Consider the set

*

A1 A
Vo' = lim V7,
where the limit is defined as in subsection 2.1. The set V0* is a definable subset of (]R>0)",
and its logarithmic limit set Ao (V) can be used to describe a neighborhood of A in A(V),
as we will state in the next theorem. The proof follows from Theorem 3.10 applied to the

definable set 17;‘ The set VO)‘, in the language of Theorem 3.10, is called .

Theorem 4.11. Let S be a set of symbols expanding OS, and let R = (R, a) be an
S-structure expanding R that is o-minimal and polynomially bounded, with field of expo-
nents A. Let V. C H(R) be a definable set in the S-structure H (R). Then we have

VAEA" A€ AV) = V3 #£0.

Moreover, if A = R, for all \ € R, there exists a neighborhood U of X in A(V') such that
the translation of U by —\ is a neighborhood of (0, ..., 0) in Ag(V}).
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Proof. 1t follows from the arguments above and from Theorem 3.10. O

The set V" is well defined for all \s, and it depends only on . It can be called the
initial set of ), as it plays the role of the initial ideal of [17]. The difference is that V; is
a geometric object, while the initial ideal of [17] is an algebraic object.

5 Comparison with other constructions

5.1 Complex algebraic sets. Logarithmic limit sets of complex algebraic sets are a
particular case of logarithmic limit sets of real semi-algebraic sets, in the following sense.
Let V' C C" be a complex algebraic set, and consider the real semi-algebraic set

Vi={z € Rs)" |z €V:|2z| =z}

The logarithmic limit set of V' as defined in [3] is precisely the logarithmic limit set of
|V| in our notation. We will write Ao(V') = Ay(]V|). Hence all the results we got about
logarithmic limit sets of real semi-algebraic sets produce an alternative proof of the same
results for complex algebraic sets, that were originally proved partly in [3] and [4].

Even the description of logarithmic limit sets via non-Archimedean amoebas can be
translated to complex algebraic sets. Let IF be a non-Archimedean real closed field of rank
one extending R, and let v be a choice of a real valued valuation on I, as in subsection 4.1.
The field K = F[i] is an algebraically closed field extending C, with an extended valuation
v : K* — R defined by v(a + bi) = min(v(a),v(d)). The component-wise logarithm
map can be extended to the field K by

Log : K*" 3 (21,...,2n) — (—v(21),...,—v(z,)) € R™.

On K there is also the complex norm | - | : K — Fx( defined by |a + bi| = va? + b.
Now if V is an algebraic set in K", the set

Vi={z e Fs0)" |Fz€V:|z| =2}

is a semi-algebraic set in F™. The logarithmic image of V' is defined as the image Log(V/),
and the non-Archimedean amoeba A(V) is defined as the closure of this image. Clearly,
we have Log(V') = Log(|V|) and A(V) = A(|V]). Moreover, if V' C C™ is an algebraic
set, and VX < K™ is its extension to K, then (|V]) = |V¥|. These facts directly give the
relation between logarithmic limit sets of complex algebraic sets and non-Archimedean
amoebas in algebraically closed fields.

The same relation holds with patchworking families. Let R = (R, a) be a regular
polynomially bounded structure with field of exponents A, let F = H(R) and K =
H(R)[¢] and let V' C K" be an algebraic set. There are polynomials fi,..., fn, €
Klzi,...,z,] suchthat V =V (fi,..., fim). Every polynomial f; has the form

f] = Z (aj’w + Z.bj7w)l'w,

wez™
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where a; ., b;., € H(R). Choose representatives functions «; ., 85, such that [o ] =
@jws [Bjw] = bjw- This choice defines families of polynomials

fir=" (0u(t) +iBju(t)z

weS(f)

and a corresponding family of algebraic sets in C™

‘/:f = V(fl,tv .- -;fm.,t)-

We will call these families patchworking families because they generalize the patchwork-
ing polynomial of [11, Part 2], and we will denote the family by V. = (V;). The family
Vi depends of the choice of the polynomials f; and of the definable functions ¢ ., ;...
If we change these choices we get another patchworking family coinciding with V, for
t € (0,¢). The tropical limit of one such family is

Ao(Va) = 711_13(1).»4:5(‘/:&)

where the limit is defined as in subsection 2.1. As before, |V| is a semi-algebraic set in
H(R)", and if |V|. = (|V|;) is a patchworking family defined by |V/|, then there exists
an £ > 0 such that for t € (0,e) we have |V;| = |V|;. Hence Ay(Vi) = Ao(|V].),
and we can get the properties of the tropical limit of complex patchworking families as a
corollary of the properties of tropical limits of real patchworking families.

Let f € R[zy,...,xy,]. Let V be the intersection of the zero locus of f and (R-)",
and let V¢ be the zero locus of f in C”. As V' C V¢, the logarithmic limit set of V' is
included in the logarithmic limit set of V. Moreover, as V¢ is a complex hypersurface, it
is possible to give an easy combinatorial description of A4 (V¢), it is simply the dual fan
of the Newton polytope of f. Unfortunately, it is not possible, in general, to use this fact
to understand the combinatorics of Ay(V"). There are examples where V' is an irreducible
hypersurface, and A4y (V') is a subpolyhedron of 4y (V¢) that is not a subcomplex. For
example, consider the real algebraic set W in Figure 6; the logarithmic limit set of W is
only the ray in the direction (—1, 0, 0), but this ray lies in the interior of a face of Ay (W¢),
for the details see the end of the next subsection.

5.2 Positive tropical varieties. In this subsection we compare the notion of non-Archi-
medean amoebas for real closed fields that we studied in this paper with a similar object
called positive tropical variety studied in [18].

To be consistent with [18], we will denote by K = [ J°°_, C((¢'/™)) the algebraically
closed field of formal Puiseux series with complex coefficients, whose set of exponents is
an arithmetic progression of rational numbers, and by F = | J°°, R((t!/™)) the subfield
of series with real coefficients. K is the algebraic closure of . These fields have a natural
valuation v : K — @, with valuation ring O, and residue map r : © — C. Note that
the valuation v is compatible with the order of F, i.e. the valuation ring O N F is convex
for the order, and that (O NF) = R.
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Figure 6. W = {(x,9,2) € R?® | 22(1 — (z — 2)?) = 2* + (y — 1)?} is an irreducible
surface, but it has a “stick”, the line {y = 1,z = 0}. The logarithmic limit set of
wn (R>0)3 is only the ray in the direction (—1,0,0), but this ray is contained in the
interior part of a face of the dual fan of the Newton polytope of the defining polynomial
21— (2—=2)Y) —2* - (y— 1)

We will denote by F the set of positive elements of the field F. Following [18] we
will also use the notation:

Fy ={z e K| r(zt7"®) € Ry}
Let V be an algebraic set in K™. The set
Vso=VnN (F>0)n

is a semi-algebraic set, whose non-Archimedean amoeba .A(V~¢), i.e. the closure of the
logarithmic image Log(V~), has been studied in subsection 4.3. In [18] a similar defi-
nition is given. The positive part of V is Vi, = V N (F,)". The closure of Log(Vy) is
called positive tropical variety, and it is denoted by Trop™ (V). From the definition it is
clear that A(V~o) C Trop™ (V).

In many examples the sets A(V%0) and Trop™ (V') coincide, but it is also possible to
construct examples where the inclusion is strict. For example

V={(z1,22) €EK* | 2] + (z2 — 12— 23 = 0}.
Then V< is the extension to IF of the set in Figure 7, and
A(Vsg) = {(z1,22) €R* |21 = 0,25 < Ooray > 0,2z, = 3z}
Tropt (V) = A(Vao) U {22 = 0,21 < 0}.

A more interesting example where A(V~o) € Trop™ (V') is the following: consider
the set
W={(z.y.2) eR | 2*(1 - (= 2)") =2* + (y - 1)’}
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Figure 7. If V = {(z,y) € R? | 22 + y* + 1 = 2y + 23} with an isolated point in (0, 1)
(left picture), then Ao(V N (Rso)®) = {(z,y) € R? |2 =0,y < Oora > 0,2y = 3z}
(right picture).

the set in Figure 6. This set is a sort of Cartan’s umbrella, an irreducible algebraic set of
dimension 2, with a “stick” of dimension 1, the line {y = 1,z = 0}. Note that the stick
is not contained in the positive part W N (Rs)’. Givena ¢ € (0, 1), the amoeba A, (W N
(R>0)3) goes to infinity only in a neighborhood of the ray in the direction (—1,0,0),
hence the logarithmic limit set Ao (W N (R>0)3) is only the ray in the direction (—1, 0, 0).
Now define V as the extension of W to F, V' = W¥. We have that A(Vs¢) = Ao(W N
(R<0)?), the ray in the direction (—1,0,0). This ray is in the interior part of a face of
Trop™t (V). Hence not only the two sets do not coincide, but A(V%) is not a polyhedral
subcomplex of Trop™ (V).

6 Tropical description

Let V C C™ be a complex algebraic variety. The logarithmic limit set Ay(V') can be
described as the intersection of a finite set of tropical zero loci of tropical polynomials.
In this section we want to obtain a similar result for logarithmic limit sets of real semi-
algebraic sets.

A tropical polynomial is a polynomial over the tropical semifield (for the definition
of this OS-structure, see subsection 6.1 below). Given a polynomial f with complex
coefficients, there is a well defined notion of tropicalization, that associates to f a tropical
polynomial called the tropicalization of f (see [17]).

There is a notion of tropical zero locus of a tropical polynomial (see [17]), with the
property that if f is a polynomial with complex coefficients, the tropical zero locus of the
tropicalization of f is equal to the logarithmic limit set of the hypersurface defined by f.

A similar result for logarithmic limit sets of general complex algebraic varieties is
more delicate. We say that a finite set of polynomials fi, ..., fs defines V if

V={:eC"| fi(z) == fulz) = O}.
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If fi,..., fs form a set of polynomials that defines V, then the logarithmic limit set of
V' is contained in the intersection of the tropical zero loci of the tropicalizations of the
polynomials fi, ..., fs, but sometimes this inclusion is strict. Anyway, a theorem proved
in [6] shows that there always exists a finite set of polynomials that defines V' with the
property that the intersection of the tropical zero loci of the tropicalizations of the polyno-
mials in the set is equal to the logarithmic limit set of V. Such a finite set of polynomials
is called a tropical basis of V. Tropical bases are a fundamental tool in computational
tropical geometry.

In this section we find similar results for logarithmic limit sets of real semi-algebraic
sets. Semi-algebraic sets are not simply defined by polynomial equations, one needs to
use first order formulae in the language OS, and we will also use formulae in the language
OS®. Instead of defining the notion of tropicalization of polynomials, we will define the
more general notion of dequantization of formulae, see subsection 6.2.

The notion of zero locus of a tropical polynomial is not needed here, that notion
is only suitable for complex varieties, or for varieties defined over algebraically closed
fields. Here, in the real setting, we will use the different but very natural notion of set
defined by a dequantized formula to replace it.

In Section 6.3 we show that if the formula is a positive formula (see below) defining V',
then Ay (V') is contained in the set defined by the dequantized formula. Positive formulae
are very good ways to describe closed semi-algebraic sets.

Finally, in subsection 6.4, we will show that if V' is a closed semi-algebraic set, then
there exists a positive formula such that the set defined by the dequantization of this
formula is equal to A (V'). In a sense, this result is the analog, for semi-algebraic sets, of
the existence of a tropical basis.

6.1 Maslov dequantization. Every real number ¢ € (0, 1) defines an analytic function:

]R>092—>10g(%)z: (@) log, z € R.

This function is bijective, with inverse + — ¢~%, and it preserves the order <. The
operations (‘+’ and ‘-”) are transformed via conjugation in the following way:

T @y =logyy(t™" +17Y)
TOLY = log(%)(t’w ) =x+y
Hence every ¢ induces an OS-structure on R:
Rt = (Ra {§}7 {@tv ®t}a Q))

This structure is isomorphic to R, hence it is an ordered semifield. In the limit for ¢
tending to zero we have lim;_,g+ = &; y = max(x, y).
The limit OS-structure is called the tropical semifield:

RtroP — (]K {<}, {max, +}, @)
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This is again an ordered semifield, we will denote its operations by @ = max and ® = +.
Note the inequality

Ty BTy STy Dy BT < (21D - B xp) +logy n.

In other words the convergence of the family R? to the structure R®*°P is uniform. This
construction is usually called Maslov dequantization.

Note that if @ € Ry, the function Ryg > * — x* € Ry is transformed, via
conjugation with the map log I in the map

R >z — log: (t™)%) = az.

As this map does not depend on ¢, it induces also a map in the limit structure R*°P, With
these maps, R? and R*°P become OS®-structures.

The family of maps Log,, which we used to construct the logarithmic limit sets, is the
Maslov dequantization applied coordinate-wise to (R+)".

6.2 Dequantization of formulae. An L,gz-term u(zy,...,Tn,y1,...Ym) (see [9,
Chapter II, Definition 3.1]) and the constants ay, . .., a,, € R define a function
U:Rs0)" 3 (x4, 20) —> w(X1, ..., Ty apy - -5 ) € Rog.

For every ¢, this function defines, by conjugation with the map log., a function on R™

. . . .t .
corresponding to the term w where the operations are interpreted with the operations of
R?, and every constant a; is interpreted as log% (a;):

Uy =logy oU o (Log%)_1 :R" — R.

Lemma 6.1. Let Uy : R® — R be the function defined by the term u where the opera-

tions are interpreted with the operations of R**°P, and every constant a; is interpreted as
0. Then
Vo € R" : Up(x) < Ur(x) < Up(x) + log: C,

where C'is a constant depending only on the term u and the coefficients a;. In particular
the family of functions Uy uniformly converges to the function Uy.

Proof. By induction on the complexity of the term. If v = xy, then Uy = U; and C' = 1.
If u = 4, then U; = logi a; and Uy = 0, hence C = a;. If u = v®, where a € R,
then Vo < Vi < Vi + log: C, hence Uy < Uy < Up + log: C®. If u = v - w, then
Vo < Vi < Vo+logy Cand Wy < W, < Wy-+1log, D, hence Uy < Uy < Up-+log CD.
Ifu=v+w,thenVy <V, < V()Jrlog%CandWO < W, < W0+log%D,hence
Uy < U, <Uy+ log% 2max(C, D). O

If o(z1,.. s Zny Y1y, Ym) 18 an Lygr-formula and ay, . . ., a,, are constants, they
define the set

V={(x1,....2n) € (Rs0)" | 0(@1,...,2p,a1,...,am)}.
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We will denote by ¢, the formula ¢ where the operations are interpreted in the structure
R, and ¢ the formula ¢ where the operations are interpreted in the structure R¥°P.
Hence

AV) = (@1, 0) €R™ | (o, s logy ar,-.. logy am)):

Because log 1 is a semifield isomorphism, the amoeba A;(V) is described by the same
formula. Anyway it is not always true that

Ao(V) = {(331,...795,1) eR™| goo(xl,...7x,L,07...,0)}.

For example if p(z;) = —(z < 1), then g = =(x < 0), but the logarithmic limit set of
{z > 1} is not {z > 0}, but {z > 0}.

6.3 Dequantization of sets. A positive formula is a formula written without the sym-
bols =, =, <. These formulae contain only the connectives V and A and the quantifiers
v, 3. Consider the standard OSE-structure on R+, or one of the OS® structures Rt or
R'™°P on R. Every subset of (R-()" or R™ that is defined by a quantifier-free positive
Lese-formula in one of these structures is closed, as the set of symbols OS™ has only
the relations = and <, that are closed, and the functions +, -, £, that are continuous.

Proposition 6.2. Let p(z1,...,Zn,Y1,-..,Ym) be a positive Ly gz-formula, and let ay,
ey Gy € Rog be parameters. If V' is such that

Vc{(@,....2zn) € Rs0)" | @(@1,...,Tp,a1,...,am) },

then
Ao(V) Cc {z e R" | po(a1,...,20,0,...,0)}.

Proof. By induction on the complexity of the formula. If ¢ is atomic, then it has the form
W1y ooy T Yty - oy Ym)RU(Z1, oo T, Y1, - -+, Ym), Where R is = or <. We have

A(V)C {z eR"| got(ccl,...,:vn,log%(al),...,log%(am)}.

We may put all the equations together, one for every ¢, thus finding a description for the
deformation

D ={(z,t) e R" x (0,¢) | z € A(V)}
D={(x1,...,xn,t) ER™ x (0,1) | gpt(:r],...,xn,log%(al),...,log%(am)}.
If we consider U; and V; as functions on R™ x (0, 1), they can be extended contin-

uously to R™ x [0, 1) defining the extensions on R™ x {0} by Uy, Vy. Hence we get the
following inclusion for the logarithmic limit set:

Ao(V) c {z e R" | go(z1,...,3,,0,...,0)}.

If o = 91 V 4, (respectively ¢ = 1) A 1), then V. C V) UV, (respectively V' C
Vi NV3), where V; is defined by ;. The statement follows from Proposition 2.2.



Logarithmic limit sets of real semi-algebraic sets 31

If ¢ = 3z, : ¢, then V is contained in the projection of W, where W is the set
defined by . The statement follows from Proposition 4.7.

If ¢ = Va4 : 1, then we denote by W the set defined by . If (0,...,0,—1) €
Ao(V), there is a sequence z(k) in V converging to a point (by, . .., b,_1,0) with b; # 0.
Then W contains a sequence of lines {(z(k),y) | v € Rxo}, hence Ay(WW) contains the
line {(0,...,0,y) | y € R}. As Ay(W) C {(z1,...,Tnt1) | Yo(z1,...,Znt1)}, then
.A()(V) C {(ZEh . ,.In) | Vl‘nJrl : ’L/)O(fﬂh c. ,anrl)}. O

There are examples where V = {2 € (R>0)" | ¢(@1,...,2n,a1,...,a:,)} withpa
positive L gr-formula, and

Ao(V) C {z e R" | @o(1,...,2,,0,...,0)}.
For example consider the following atomic formula

(@1, 22,1, 42,y3) 1 41 + 23 + Y1 = w1 + Y322,

with constants a; = 13 — 72, a; = 4,a3 = 6, with r> < 13. This is the equation of
a circle, (; — 2)> 4 (2, — 3)> = 72. The dequantized formula does not depend on the
value of r:
wo(x1,22,0,0,0,0) : max(2zy,22,,0) = max(x,x2).

Now if V. = {(z1,22) € (Rs0)" | 2 + 23 + (13 — r?) = 4x; + 613, } the logarithmic
limit sets of V% s V% , V% are different (see Figure 8): AO(V% ) is the single point (0, 0),
because V; is compact, Ay (V%) is the ray in the direction (—1,0), and AO(V%) is the
union of the two rays in the directions (—1,0) and (0, —1). For Vi, the formula ¢y gives
a definition of the logarithmic limit set:

Ao(V%) = {(xl,:cz) € R? | max(2zy,21,,0) = max(xl,xz)},

but for A (V%) and Ay (V%) we have a strict inclusion.

Figure 8. V, = {(z,y) € (Rs0)’ | 2® +y® + 13 = 72 + 4z + 6y} forr = 3,37
respectively. Their logarithmic limit sets are different.
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Even if (z1,2, % ,4,6) is a definition of Vs, @o(21,2,0,0,0) is not a definition
of Ay (Vg ) Anyway we can find another formula with this property, for example:

(423 + 1622 + 372, + 40) (x% Az + 2t — 6ay + %) ~0.
This formula gives a definition of V; because it is the product of a polynomial defining
V% by a polynomial that has no positive zeros. The dequantized version of this formula is
max (521, 0,2x,, 3z + 22,) = x; + max(3xy,0), and one can check explicitly that this
formula defines the ray in the direction (—1,0), i.e. it is an exact description of Ay (Vg )

There are examples of real algebraic sets V' where it is not possible to find an algebraic
formula ¢ defining V' such that ¢y is a definition of Ay(V"). Here by an algebraic formula
we mean an atomic formula with the relation =, in other words an equation between two
positive polynomials.

Consider for example the cubic V = {(z1,22) € R? | 27 + 23 + 1 = 2z, + 1}, as
in Figure 7. This cubic has an isolated point in (0, 1). This point is outside the positive
orthant (Rx)?, hence it does not influence the logarithmic limit set of V' = V N (Rs0)?,
but the set defined by {(z1,22) € R? | max(2x1,22,,0) = max(z2,3x;)} contains
also the half line {x, = 0,z; < 0} that is not in the logarithmic limit set, and the same
happens for every polynomial equation defining V.

We need to use the order relation < to construct a formula ¢ defining V'’ such that
is a definition of Ay(V"). For example:

1
V' = {(xl,acg) S (R>o)2 il =2z 2 Axy > 5}
Ao(V') = {(xl,xz) € R? | max(2z, 227, 0) = max(zs, 32) A 2 > O}.
As we will see in the next subsection, this is a general fact.

6.4 Exact definition. Let C' C R" be an open convex set such that (0,...,0,-1) € C
and the closure C' is a convex polyhedral cone contained in {z € R" | z,, < 0} U {0}.
The faces Iy, ..., Fj of C are described by equations

a;xl 4 a?flxn,l +x,=0
and C' is described by
C={zeR" |z, <0andVie {l,...,k} ralw; + - +a} 'z, + 2z, <0}.
For every h € R+, consider the set
En(C) = {z € Roo)" | zn < hand¥i € {1,...,k} 12 2%  z, <h}.

Lemma 6.3. Let V' C (Rso)" be a set such that Ay(V) N C = 0. Then for every
sufficiently small h € R~ we have V N E,(C) = 0.
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Proof. Suppose that for all ¢ € N there exists z; € V' N E, (C'). Then from the sequence

(z;) C V we can extract a subsequence y; such that Log, (y;) converges to a point y €
C. O

Note that Ej, (C') is described by the following L gr-formula, with y = h

n—1 | an-!

1 a
0(117...7xn7y):ﬂ(ygxn\/ygx?‘...:rn‘_l :rn\/-~~\/y§x(]l"...:rn"_] Zn)

14

and C' is described by the formula <p67 with y = 0.

Let C C R™ be an open convex set such that the closure C is a convex polyhedral
cone and C C H U {0} where H is an open half-space. There exists a linear map B such
that (0,...,0,—1) € B(C), and B(C) is contained in {x € R | z,, < 0} U {0}. We
will use the notation

-1
En(C) =B (En(B(C))).
As before there exists an L gz-formula ¢ (zy, ..., x,,y) such that
En(C) = {z € R>0)" | ¢ (@1, -, 20, h)}
C={zeR" | ¢ (..., 2,,0)}.
Let V C (Rsq)" be a set definable in an o-minimal, polynomially bounded structure

with field of exponents R. Then, by Theorem 3.11, A4y (V) is a polyhedral complex, hence
we can find a finite number of sets C', . . ., Cy such that

(1) CyU---UCY is the complement of Ay(V).

(2) The closure C; is a convex polyhedral cone.

(3) There exists an open half-space H; such that C; C H; U {0}.

Lemma 6.4. Consider the Lo gr-formula

O(@1s 0 y) = 7 (@1, Ty Y) A AT (T T, ).

Then
Ay(V) ={z e R" | po(z1,...,2,,0)}

and for every sufficiently small h € RY, we have
VC {x € (Rso)" | o(z1, - .. ,xn,h)}.
Proof. The first assertion is trivial, and the second assertion follows from the previous

lemma. O

Note that the formula ¢ of the previous lemma has the form ; A - - - A ¢y, where the
1; have the form

n

1 n 1
a a a a
Y=y <az'..oxy Voo VySx "o

These formulae do not contain the + operation, hence when they are interpreted with
the dequantizing operations &, @, or the tropical operations &, ® the interpretation does
not depend on ¢, and it is simply

Yi=y<alx +---+adlz,V---Vy<alz +-- +alz,.
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Corollary 6.5. Let V be definable in an o-minimal, polynomially bounded structure with
field of exponents R. For € > 0, and for small enough t > 0, we have

sup d(z, Ay(V)) < e.
x€AL(V)

Proof. Choose h such that V' C {¢(x1,...,2,,h)}. Then Ay(V) C {p(z1,...,2p,
logih)}. Note that {@¢(z1, ..., 2n,logy h)} is a uniformly bounded neighborhood of

Ao(V), with distance depending linearly on y, hence the distance tends to zero when y
tends to zero. O

Theorem 6.6. Let o(xy,...,Tn,Y1,--.,Ym) be a positive Lygr-formula, let ay,. ..,
am € Ry be parameters and let

V={(o o) € Boo)" | plar,.. wnar, . am) ).

Then there exists a positive Logr-formula ¥(xy, ..., Ty, y1,...,Yy) and parameters by,
..., by € Ryg such that

V={(z1,...,2n) € Rs0)" | ¥(x1,... 20, b1,...,00)},
Ay (V) ={z e R" | ¢y(a1,...,2,,0,...,0)}.

Proof. Let ¢'(x1,...,%n,y) and h as in Lemma 6.4. Then ¢ = ¢ A ¢’ is the searched
formula. -

Corollary 6.7. Let V C (Rs)" be a closed semi-algebraic set. Then there exists a posi-
tive quantifier-free L gr-formula o(x1, ..., Tn, Y1, ..., Ym) and constants ay, . . ., @y, €
R+ such that

V= {I € (R>0)n | Q0($17.‘.,$n7a1,...,am)},
Ao(V) = {m €R"™ | cpo(xl,...,xn,(),...,O)}.

Proof. By [5, Theorem 2.7.2], every closed semi-algebraic set is defined by a positive
quantifier-free Lo s-formula. O
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